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Abstract—The numerical method of solving the problem of
small perturbations of a stationary traveling solution (soliton)
of well-known in physics sin-Gordon equation is presented. The
solution is reduced to solving a set of linear hyperbolic partial
differential equations. The Riemann function method is used to
find a solution of a linear PDE. The value of the Riemann
function at any particular point is found as a solution of an
ordinary differential equation. An algorithm of calculation of a
double integral over a triangular integration area is given.

1. INTRODUCTION

HE RIEMANN method is an important technique for
solving Cauchy problems for partial differential equa-
tions. However, it does not yield closed form solutions ex-
cept in few cases of equations with constant coefficients [1].
A typical example of such an equation is the forced sine-

Gordon equation
’u  du

ot ox’

where € =1 is a small parameter, ¢ is a time variable, x is a

+sinu = &P(r) (D

space variable, and ®@(¢) is a deterministic or random

external force with known statistics. Equation (1) with zero
right-hand side possesses stationary traveling solutions

depending on a variable X =x =Vt (=1<V <1) . The
particular solution that is of great physical interest is the kink
or soliton [2] (Fig. 1)

i, (x) = 4atan [exp(‘;{/\/’;}] (®)

where a =1 — V2. The problem of deterministic or stochastic
perturbations of the kink solution is important in physical
applications.

The approximate solution of the equation (1) with non-
zero function ®(¢) can be constructed by the asymptotic
method using a smallness of the parameter &

ul X.t) =ug | x) +eu [ x.1) +€uy [ x.1) +K - (3)

where u,(X) is the solution (2). The functions %,,u,,... are
solutions of linear hyperbolic equations.

Apparently, Walsh’s papers [3], [4] were the most remark-
able first investigation of stochastic processes described by
the second order partial differential equations. In particular,
a weak solution of a stochastic partial differential equation
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was defined as a solution of an integral equation. Walsh in
[2] applied the Green’s method to simple linear hyperbolic
and parabolic equations in case of the white noise, and Car-
mona and Nualart in [5] proved that the weak solution exists
and it is unique.

sine—Gordon soliton
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Fig. 1. The sin-Gordon soliton.

In this paper, the Riemann function method is used to find
a solution of linear hyperbolic equations (4) and (5). The al-
gorithm is numerical and can be divided into two parts.
First, the Riemann function at each point of the integration
area is found as a solution of an ordinary differential equa-
tion. Second, the triangular integration area is transformed
into a rectangle. This allows simplifying and improving con-
siderably calculation of a double integral. Initially the
method was described in [6] and [7] and was applied in a
case of stochastic perturbations. In the current paper, the
proposed method has been improved. The physical part of
the method and some numerical results were described
in [8].

II. THE SoruTion Form oF THE EEQuaTiON (1)

In the new variables (X,?) the equation (1) becomes
o'u o'u d'u
-— A —d -
ot dydt  dy

Expanding sinu in power series in €

+sinu = &P(1) ()
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sinu(y,t) =sinu, (7)+eu, (p.t)cosu, (7)+

& uz(;{,.f)cosuﬂ(z)—%smuo[;{) +...

)

Substituting (3) and (5) into (4) in the first order on €
we obtain
d’u, v d’u, 0%u

Y e —a 8;(1] +cosu, (¥)u, =P() (6)

In the second order
du, oy d°u,

or’ J0t

1,
—u; sinu, (¥)
5 a4

- [1 -V’ ) ‘83_”,2 +cosu, (y)u, =

)

To apply the Riemann’s method of solving (6) and (7) [1]
we need to transform these equations to the standard form
which does not contain the second mixed derivative. To
get rid of the mixed derivatives let us make a transforma-

— V
tion X =X and7 =¢ X . In the new variables equations

a
(6) and (7) read
I, 0 v
—”1‘—0' ”j' +acosiuy (Y, =a sin(t +—ZJ (8)
ar ay a
and
du, L0,
a—rz‘fa 7+acosuo(;g)u2 =
1 ©
Eastlz sinu, ()
with trivial initial conditions over the straight line C
vV
C:tr=—-=¢ (10)
a

III. Tue RieManN FuncTiON

Equations (8) and (9) have the same left-hand side and
can be presented as
du,

Y= a azzl+a[l—f(;g)]u|=a®[f+:—zl (11

g—%—a: 3;2 %—a[]—f{z)]m2 =%Mf sinug (%) (12)
where f(x)=2/cosh®(x/~/a) since
s
cos[4 arctan(e&)()] =1-

2

—=X)
Ja

The graph of the function f()X) for the value ¥ =0.5
is shown in Fig. 2.

cosh’(
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Fig .2. The function f(X), a=1.

The corrections ; ( XO,TO) ,1 =1,2 to the kink solution
u, ( )(0) at a point (X,,T,) can be presented through the
Riemann function @(X,T) [1]:

“I(ch’ruj:a”q)[r"'v—z]w(l,f)dzdr (13)
a

A

agr s .
uy (0:70) = 5“ iy (Z’ 1’) SIn (Z) (y.7)d ydr
A
(14)
where A is the characteristic triangle in the plane (X,7),
bounded by the straight line C given in (10) and the char-

|
acteristics WM : T —()(—)(0) =1, (Fig. 3).
a

Fig. 3. The characteristic triangle A.

The Riemann function @w()X,T) satisfies the equation

a“'{f— I - fppw=0 (15
ar e

2
a

with w= 1/(2a) over the characteristics and b = /g .
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Since f(¥) =0 outside of a finite interval (=Xjim> Xiim)
then one can expect that the solution of (15) can be close
to the solution of the telegrapher’s equation [1]:

which is w(X,T) :%Jo(by) and
a

y= \/(T -1,)° —Lz()( - X,)’ - The variable Y is a hyper-
a
bolic distance in the characteristic triangle 4 . The dis-

. e . 1
tance Y is positive inside 4, i.e. (T=7,)" >—(X=X,)’,
a
. . 2 1 2 .
and imaginary when (T =7,)” <—(X = X,)". It vanishes
a

1
when (T _To)z = ?(X_Xo)z .
The equation (15) in the variables (X,)) has the form
&_?_aj a_c?_;,_ zua—w_i_la_w_}.
dy Iy y oy yoy (16)
b (- f(yHw=0
Let’s look for the solution of (16) in the form

] w
60():,7’)=ZJ[](57’)+@(Z)ZA»{E’?’)" (17

where the first term of the sum is the solution of the
telegrapher’s equation and the second term must be small

for a finite value of X, -
Since

1
Jhby) +E/J°(by) +J,(by) =0
then substitution of (17) into (16) gives

()Y n(n=DAD (by)' " —a’® (1) A, (by)" +

n=1 n=|

207 = 1) GO A by) ™ + ()Y nd b (by) ™

n=l n=l

) e 1,
D= F (AN, A, ()" = Ej ) J,(by)

n=1

For X = X, the last equation becomes

1 = )
A.‘P(,t’ﬁ)gﬂf%q’(% )+ 2 [(n+2)D(x,)A,.,

n=I|

+H=a® (7)) + (- f(2,NP(7,)A 1Y

1, . v Y
=— -+ —=—————...
2af L 2 224 4% ]

and, therefore,

A, =0 forodd n,
_1fE) 1
a0 2
_JSE) a’ _
A =l 2’4, (2k) = PRE)

1

1- Ay
(= EMWEN ) e

k=1,273..

Assume
Z—;qn'(xn) —(=F (1)@ (2) = Fz)  (17)

It follows that
1D
= ———— k=123..
W04 2247 (2k)?

and
W(x.y) = %{Jo B +A-J,BYPCN] (18)

Substitute (18) into (16) and we obtain that the solution
@(X) satisfies the following equation
—a(1=Jy (by)$Wy) +
(Jo(by) +J,(BYX = Xo)P €X) + (19)
A= fO0A=JobyP(X) = Jo(bY) f(X)
and subject to the boundary conditions

() =f(x), f(Fe)=0 (20)

IV. NuMmERicAL ALGORITHM AND CALCULATIONS

A solution @(X;,T,) of the partial differential equation

(15) at any particular point (X,,T,) can be reduced to
solving the boundary value problem (19), (20) with fixed
value of ¥ , where

y:\/(r1 _To)2 _Lz()ﬁ _Xo)2 .
a

A family of curves VY =const define hyperbolae
imbedded into the characteristic triangle (Fig.4). The
solution surface (15) can be represented as a family of
curves over the hyperbolae in the 3D space (X,7,W) .

The surface representing the Riemann function for X, =0
is shown in Fig. 5 and was drawn using MAPLE.
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Fig. 4. The Characteristic triangle with the family of curves
y = const

Fig. 5. The solution surface of (15) representing the Riemann
function. Each curve is a solution of (19), (20) for particular fixed

value of ¥ .

The boundary value problem (19), (20) can be solved
numerically using the relaxation method [9]. Since the so-
lution of this BVP approaches zero when X — =+ then
for numerical calculations this problem can be solved for
finite values of ), which are found manually from the
condition L /(7)) — 0,

In the numerical calculations of the double integrals

(13) and (14) one of the most difficult tasks is integration
over the triangle A . First, the integral needs to be

calculated for various values of (X,,T,). The area of the

rectangle A becomes larger when the value of 7, in-

creases. The second difficulty is that changing the value of
the parameter a leads to changing the rectangle 4 shape.
Therefore, it is very difficult to develop a universal
algorithm for various values of (X,,T,) and the parameter
a . The integration area 4 (Fig. 3) can be mapped into a

[ AN
rectangle = :‘WLV‘QLUL‘”;[[ (Fig. 6) with coor-

dinates (v, u) by means of transformation
=X +at (1-u)v/(1-V),
t=tu-Vy,la=Vt,(1-u)v/(1-V),

where t, =T, +V Xx,/a.

PROCEEDINGS OF THE IMCSIT. VOLUME 3, 2008

This transformation allows simplifying significantly nu-
merical integration and speed up the algorithm of calcula-
tion of functions u;,.(X, f). The area of integration can be
covered by a rectangular mesh and then, the standard
Simpson method can be used [9].

v
4

LTIV 1

Fig. 6. The rectangular integration area R(v, u).

The first integral (13) in the new variables (v, ) has
the form

u, (.7, =%(1 V) [ (-0,

R

|:J’U (a(v.n))—i—{l -J, (a’(v,fr))}@{v,u):l}dudv @

a(,u) =t - A+ P)A-A+v+ 7 =F)
where the double integral is calculated using the Simpson

method and the value of @(v,u) at each point of the inte-

gral sum is a solution of the boundary value problem
(19), (20).

The numerical algorithm was implemented in a pro-
gram written in C++. For calculating values of the Bessel
functions, double integrals and solving ordinary differen-
tial equations the code given in [9] was used.

As an example, the function ®(#) =sin(10¢) was con-
sidered. Two graphs in a plane (x,u,) representing results
of calculations of the integral (21) for —1<x<1 are
shown in Fig. 7 and Fig. 8.

Fig. 7. V=095t =1
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