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Abstract—Some tools to measure convergence properties of
genetic algorithms are introduced. A classification procedure
is proposed for genetic algorithms based on a conjecture: the
entropy and the fractal dimension of trajectories produced
by them are quantities that characterize the classes of the
algorithms. The role of these quantities as invariants of the
algorithm classes is discussed together with the compression ratio
of points of the genetic algorithm.

I. I NTRODUCTION

T HERE is the so-called “No-free lunch theorem” [10]
algorithms and moreover, one cannot find most suit-

able operator according to which: it does not exist a best
evolutionary between all possible mechanisms of crossover,
mutation and selection without referring to the particularclass
of optimisation problems under investigation. Evolutionary
algorithms are the methods of optimizations which use a
limited knowledge about investigated problem. On the other
hand, our knowledge about the algorithm in use is often limited
as well [11], [12].

One of the most difficult, however, of practical importance,
problems is the choice of an algorithm to given optimisation
problem.

The distinguishing between optimisation problem and the
algorithm (its choice) leads to the main difficulty. Conse-
quently, the distinguishing is an artificial operation because
it abstains from the idea of genetic algorithm (GA), since the
fitness function, arises from the cost function (i.e. the function
to be optimised) is the main object of the genetic algorithm and
it emerges form the formulation of the optimisation problem
and it is difficult to speak on genetic algorithm as an operator
without the fitness function. However, in our consideration
we will simultaneously use the both notions of the genetic
algorithms. The first notion as an operator acting on the cost
(fitness) function, the second—as a specific (real) algorithm for
which the fitness is the main component being the algorithm’s
parameter.

This dual meaning of the genetic algorithm is crucial
for our consideration, because our main aim is to try to

classify genetic algorithms. The classification should lead to a
specific choice methodology of genetic algorithms understood
as operators. It is expected that in terms of this methodology
one will be able to choose the appropriate algorithm to given
optimisation problem. We aim that using this classification
one could improve existing heuristic methods of assortment
of genetic algorithms which are based mainly on experiences
and programmer intuition.

During the action of genetic algorithm several random
operations are performed and each action generates a sequence
of random variables, which are candidate solutions. The action
of GA could be represented in the solution (or rather—search)
space as a random trajectory.

The present paper is an attempt to introduce an enlarged
investigation method to the theory of genetic (evolutionary)
algorithms. We aim at the development of some tools suitable
for characterization of evolutionary algorithms based on the
notions of the symbolic dynamics as well as on compression
rates.

II. CLASSIFICATION OF ALGORITHMS AND ITS TOOLS

The convergence of GAs is one of the main issues of the
theoretical foundations of GAs, and has been investigated by
means of Markov’s chains. The model of GA as a Markov’s
chain is relatively close to the methods known in the theory
of dynamical systems.

In the analysis of GAs regarded as (stochastic) dynami-
cal systems one can use the fact, (proven by Ornstein and
Friedman [3], [8]) which state that mixing Markov’s chains
are Bernoulli’s systems and consequently, the entropy of the
systems is a complete metric invariant.

Those facts enable us to classify GAs using the entropy.
The systems for which the entropies have the same value are
isomorphic. Hence the entropy makes it possible to classify
GAs by splitting them into equivalence classes. Unfortunately,
in many cases the determination of the entropy is very difficult
or even impossible. Hence one can try to use as classification
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tools the compression rate and the fractal dimension deter-
mined for trajectories of GAs.

III. G ENETIC ALGORITHMS

Let X be a space of solutions of an optimisation problem
characterized by a fitness functionf : X → R, X ⊂ Rl for
which a genetic algorithm will be invented. Each elementx ∈
X will be encoded in the form of a binary chromosome of the
lengthN. The coding functionϕ : X → {0, 1}N = B maps
elements ofX into chromosome from theB space.

Let us assume that the genetic algorithm acts onK-element
populations. Each population forms a multiset[PK ] in the
product spaceBK , for the i-th generation we will use the
denotation[PK

i ], for the population and each element of this
multiset can be identified with a vector

PK
i = [xi

1, x
i
2, . . . , x

i
K ] (1)

rembering that a population is an equivalent class of points
from the vector spaceBK . The equivalent relation is defined
by the class of all possible permutations of the set ofK-th
numbers{1, 2, ..., K}.

Let us notice that we can identify points fromX with their
encoded targets inB under the action of spaceXK . By a
trajectory of the genetic algorithm of the durationM we mean
a set

T =

M⋃

i=1

[PK
i ], (2)

whereM is the number of steps (generations) of the genetic
algorithm which is realized.

Let pm and pc be the probabilities of the mutation and
crossover, respectively, whileps is the probability of selection,
all independent from the generation.

Then, for such a genetic algorithm the probability of the
appearance of the population[PK

i+1] at the generationi + 1
after the population[PK

i ] at the generationi, is the conditional
probability

P(PK
i+1|P

K
i , f(PK

i ), pm, pc, ps). (3)

Here by f(PK
i ) we understand the vector–valued function

[f(xi
1), f(xi

2), . . . , f(xi
K)]. The initial population[PK

1 ] is gen-
erated by the use of a uniform probability distribution overthe
setB, i.e. each point fromB has the same probability of being
selected as a member (component) of[PK

1 ]. Next populations
following that one, are the results of the action of the GA and,
hence, may have a non-uniform probability distribution.

Let us notice that in view of our assumptions it follows from
(3) that the probability of the appearance of each population
depends on the previous population and does not depend on
the history (i.e. on earlier population; the probabilitiespm, pc

andps can be regarded as parameters of the functionP).
Now, if we look at the trajectory of the GA defined by (2),

we can see that its generation is an ergodic (mixing) process
and Markov’s one. Subsequent populations (i.e. points of the
trajectory) are states of the process, about which we can say
that each state is accessible with the probability 1.

IV. ENTROPY OFGA

The domain of research of the ergodic theory is a space
with measure and mappings which preserve it. Let us denote
by Ti the operator which mapsi-th generation (point of the
trajectory) into the next one. Having the probability distribu-
tion (3) characterizing the mappingTi from one population
to another, we can define the entropy of the mapping

H(Ti) = −

M∑

j=1

P(PK
i+1,j |P

K
i , f(PK

i ), pm, pc, ps)

logP(PK
i+1,j |P

K
i , f(PK

i ), pm, pc, ps) (4)

where [PK
i+1,j ] is a possible population fromB, j =

1, 2, . . . , 2NK , . . . , M.
According to our previous proposition the initial population

is generated by the use of a uniform probability, and attains
the maximal value generated by the GA. In the next step
the probabilities of populations are not uniform and differ
at each generation; this is the essence of the action of GA.
Consequently the entropy of the mappingTi decreases. In
the limit case when the number of steps tends to infinity one
could expect that the terminal population will be composed
of K copies (exactly speaking, according to (1) – a cartesian
product) of the same element (an optimal solution). However,
this case will be possible only in the case of the pointwise
asymptotic stability of GA. In general, the entropy will tend
to minimum.

Entropy is the function of the probability of mutation and
selection; it grows with the growing mutation probability and
decreases when the selection pressure grows. Then the entropy
could realize a measure of interactions between mutations
and selection operators. Entropy also depends on the number
of elements in population and it is decreasing when the
population grows. The entropy value of the trajectory could
be linked with computational complexity of the evolutionary
algorithms.

V. FRACTAL DIMENSIONS

Since the determination of the probability of the mapping
Ti, as well as the entropyHi, in an analytical way is rather
difficult to be performed, we are proposing to substitute them
with a fractal dimension which is related to the entropy [8]
and can characterize non-deterministic features of GA. In
[7] general statistical and topological methods of analysis of
GAs have been introduced. Moreover one can use Hausdorff’s
dimension or its approximation as an invariant of equivalence
of algorithms.

To be more evident, let us recall the notion of thes-
dimensional Hausdorff measure ([4]) of the subsetE ⊂ Rl,
wheres ≥ 0. If E ⊂

⋃
i Ui and diameter ofUi, denoted by

δ(Ui), is less thanǫ for eachi, we say that{Ui} is anǫ-cover
of E. For ǫ > 0, let us define

Hs
ǫ(E) = inf

∞∑

i=1

[ǫ(Ui]
s (5)
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where the infimum is over allǫ-covers{Ui} of E. The limit
of Hs

ǫ as ǫ → 0 denoted byHs(E), is the s-dimensional
Hausdorff measure ofE.

Let us notice that in the spaceRl one can prove that
Hl(E) = κlL

l(E), whereLl is the l-dimensional Lebesgue
measure andκl is a ratio of volume of thel-dimensional cube
to l-dimensional ball inscribed in the cube.

It is evident thatHs
ǫ(E) increases as the maximal diameterǫ

of the setsUi tends to zero, therefore, it requires to take finer
and finer details, that might not be apparent in the larger scale
into account. On the other hand for the Hausdorff measure the
valueHs(E) decreases ass increases, and for larges this value
becomes 0. Then theHausdorff dimension of E is defined
by

dim(E) = inf{s : Hs(E) = 0}, (6)

and it can be verified thatdim(E) = sup{s : Hs(E) = ∞}.
The Hausdorff dimension is one of several fractal dimen-

sions. To make the definitions more evident let us notice
that for the Hausdorff dimension of the Peano curve has
dimension 2 and of the Cantor middle set islog2/log3, while
its topological dimensionDT is zero. In most cases Hausdorff
dimension≥ the topological one. In its classical form afractal
is by definition a set for which the Hausdorff dimension strictly
exceeds the topological dimension.

Topological dimension takes non-negative integer values
and is invariant under homeomorphism, while the Hausdorff
dimension is invariant under bi–Lipschitz maps (sometimes
called quasi–isometries).

As some approximation of the fractal dimension one may
consider another dimension known as the packing dimension
or thebox-counting dimension [4]. To calculate this dimen-
sion for a setS imagine this set lying on an evenly-spaced
grid. Let us count how many boxes are required to cover the
set. Thebox-counting dimension is calculated by observing
how this number changes as we make the grid finer. Suppose
thatN(ǫ) is the number of boxes of the side lengthǫ required
to cover the set. Then the box-counting dimension is defined
as:

dimbox(S) = lim
ǫ→0

log N(ǫ)

log(1/ǫ)
(7)

It is possible to define box–counting dimensions using balls,
with either the covering number or the packing number. It
follows that box dimension ofE is always≥ dim(E).

By inventing the fractal (Hausdorff) dimension the trajectory
of GA’s or its attractor can be investigated. Algorithms could
be regarded as equivalent if they have the same computational
complexity while solving the same problem. As the measure
of computational complexity of genetic algorithm, we propose
a product of population’s size and the number of steps after
which an optimal solution is reached. This measure of com-
putational complexity of genetic algorithms joins the memory
and the temporal complexity.

During the execution of genetic algorithms, a trajectory is
realized and should “converge” to some attraction set. It is
expected that an ideal genetic algorithm produces an optimal

solution which, in the term of its trajectory, leads to an attractor
which is one–element set. On the other hand, for an algorithm
without selection the attractor is the whole space. Then, we
could say that algorithms are equivalent when they produce
similar attractors [5].

Hence, instead of the entropy, the fractal dimension will
be used as an indicator, or better to say—a measure of the
classifications of GAs.

We say that two genetic algorithms areequivalent if they
realize trajectories with the same fractal dimension.

VI. COMPRESSION RATIO

It is our conjecture that some characteristic feature of the
trajectory of GA can be obtained by analysing the ration of
the compressed trajectory to itself. We decided to investigate
Lempel-Ziv compression algorithm [2] applied to populations
executed by various genetic algorithms. We implemented five
De Jong’s functions with 10 different parameters sets. Each
experiment was run 10 times. All together we obtained 500
different trajectories. The following settings of algorithms
were considered

EXP CROS PC PM SEL
1 1 0.25 0.001 t
2 2 0.6 0.01 r
3 u 0.95 0.05 p
4 1 0.6 0.05 p
5 2 0.25 0.001 r
6 u 0.6 0.01 t
7 1 0.95 0.01 r
8 2 0.95 0.001 p
9 u 0.25 0.05 t
10 1 0.95 0.99 r

where EXP is the experiment number; CROS is type of
crossover operator (one point, two point, uniform); PC and
PM are probabilities of crossover and mutation, respectively;
and SEL is type of selection operator (tournament, rank, and
proportional). In each experiment the population consisted
of 25 points and the genetic algorithm was realized on 100
generations (points).

We performed numerous experiments on compressing par-
ticular generations with Lempel-Ziv algorithm of various bit
resolution. We measured number of prefixes resulting from
compression process and corresponding compression ratio
in scenarios of two types. The first one considered single
generations, and for each trajectory we obtained corresponding
trajectory of number of prefixes used. In the second scenario,
each next generation was added to all past generations forming
an ascending family of sets of generations. Compressing
elements of such family gave an overall picture how number
of prefixes used in the compression stabilizes over time.

VII. E XPERIMENTS AND CONCLUSIONS

The first experiments with attractors generated by GAs and
the expression (8) have been performed by our co-worker
in [5]. His results allow us to claim that the present approach
can be useful in the GA’s dynamics research.
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In the recent paper [14] we have used another approach to
the approximation. LetN(T, ǫ) be the minimum number of
K-dimensional cubes with the edge length equal toǫ, that
covers the trajectoryT ⊂ X, andX is a l-dimensional search
space. To be more evident let us consider the case whenǫ =
2−k and diminish the length of cube edges by half. Then the
following ratio will approximate the box counting dimension
of trajectoryT

Dc(T) ≈
log2 N(T, 2−(k+1)) − log2 N(T, 2−k)

log2 2k+1 − log 2k
=

= log2

N(T, 2−(k+1))

N(T, 2−k)
. (8)

The approximated expression (8) of the box dimension counts
the increase in the number of cubes when the length of their
edges is diminished by half.

In [14] we have included new calculation results. 12 bench-
mark functions were used (cf. [6]) in the analysis. Experiments
were performed for different dimension: 10, 15, 20 bits with
operator parameters and Popsize. Then the box counting
dimension was used to calculate the trajectory dimension.

As far as the analytical approach and the formal definitions
of dimensions (5) and (6) are concerned their computer imple-
mentation needs additional investigations. Computer accuracy
is finite, hence all limits withǫ tending to zero will give
unrealistic results. For example, if the calculation dropsbelow
the computing accuracy the expression value becomes zero or
undefined. It means that we have to stop taking limit values
in early stage. Hence, the questions arise: to which minimal
value of ǫ the calculation should be performed and whether
and how the relations with limits should be substituted with
finite, non-asymptotic, expression? This, however, will bethe
subject of our further research.

The main idea of our experiments made in [14] was the
verification and confrontation of our theoretical considerations
and conjectures with real genetic algorithms.The analysisof
the experimental result has shown that the value of box-
counting dimension of the trajectory of genetic algorithms
is not random. When we use the same fitness function and
the same configurations, then the box dimensions become
clustered near the same value. Whole trials of the independent
running attains the same values. Moreover with the different
functions but the same configuration we deal with the conser-
vation of box-counting dimension clustering.

Average values of the box-counting dimension for the united
trajectories of the algorithms from the same trial were similar
to these which were calculated by averaging of the dimension
of individual trajectories. This fact acknowledges the con-
jectures that box-counting dimension could characterize the
complexity of algorithms.

Box-counting dimension describes the way of evolution
during search. Algorithms which attain the maximum in a wide

loose set have bigger dimension than others which trajectories
were narrow, with small differences between individuals.

One can say that bigger box dimension characterizes more
random algorithms. The main result of the experiments states
that fractal dimension is the same in the case when some
boxes contains one individual as well as when these boxes
contain many elements (individuals). Box dimension does not
distinguish the fact that two or more elements are in the same
place. They undergo counting as one element. The value of
dimension should depend on the number of elements placed in
each box. Our main conclusion is that good characterization
is the information dimension.
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