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Abstract—Some tools to measure convergence properties of classify genetic algorithms. The classification shouldl leaa
genetic algorithms are introduced. A classification procedre specific choice methodology of genetic algorithms undeisto
is proposed for genetic algorithms based on a conjecture: 81 55 oharators. It is expected that in terms of this methogolog
entropy and the fractal dimension of trajectories produced - . . .
by them are quantities that characterize the classes of the 9N€ V‘_”" t?e able to choose the appropn.ate a'go“thm _t(_) given
algorithms. The role of these quantities as invariants of te Optimisation problem. We aim that using this classification
algorithm classes is discussed together with the compressiratio one could improve existing heuristic methods of assortment
of points of the genetic algorithm. of genetic algorithms which are based mainly on experiences
and programmer intuition.

During the action of genetic algorithm several random
HERE is the so-called “No-free lunch theorem” [10bperations are performed and each action generates a sequen
algorithms and moreover, one cannot find most suigf random variables, which are candidate solutions. Themct

able operator according to which: it does not exist a best GA could be represented in the solution (or rather—s8garch
evolutionary between all possible mechanisms of crossovepace as a random trajectory.

mutation and selection without referring to the partiClﬂjh’SS The present paper is an a’[tempt to introduce an en|arged
of optimisation problems under investigation. Evolutigna jnvestigation method to the theory of genetic (evolutighar
algorithms are the methods of optimizations which use fgorithms. We aim at the development of some tools suitable
limited knowledge about investigated problem. On the othgjr characterization of evolutionary algorithms based be t

hand, our knowledge about the algorithm in use is often éthit notions of the symbolic dynamics as well as on compression
as well [11], [12]. rates.

One of the most difficult, however, of practical importance,
problems is the choice of an algorithm to given optimisation || c| ASSIFICATION OF ALGORITHMS AND ITS TOOLS
problem.

The distinguishing between optimisation problem and the The convergence of GAs is one of the main issues of the
algorithm (its choice) leads to the main difficulty. Consetheoretical foundations of GAs, and has been investigaged b
quently, the distinguishing is an artificial operation hesea means of Markov’s chains. The model of GA as a Markov's
it abstains from the idea of genetic algorithm (GA), since trchain is relatively close to the methods known in the theory
fitness function, arises from the cost function (i.e. thection of dynamical systems.
to be optimised) is the main object of the genetic algoritimth a  In the analysis of GAs regarded as (stochastic) dynami-
it emerges form the formulation of the optimisation problemal systems one can use the fact, (proven by Ornstein and
and it is difficult to speak on genetic algorithm as an operatbriedman [3], [8]) which state that mixing Markov’s chains
without the fitness function. However, in our consideratioare Bernoulli's systems and consequently, the entropy ef th
we will simultaneously use the both notions of the genetigystems is a complete metric invariant.
algorithms. The first notion as an operator acting on the costThose facts enable us to classify GAs using the entropy.
(fitness) function, the second—as a specific (real) algorfttr  The systems for which the entropies have the same value are
which the fitness is the main component being the algorithm&morphic. Hence the entropy makes it possible to classify
parameter. GAs by splitting them into equivalence classes. Unfortalyat

This dual meaning of the genetic algorithm is cruciah many cases the determination of the entropy is very difficu
for our consideration, because our main aim is to try tor even impossible. Hence one can try to use as classification

|. INTRODUCTION
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tools the compression rate and the fractal dimension deter- IV. ENTROPY OFGA

mined for trajectories of GAs. The domain of research of the ergodic theory is a space

I1l. GENETIC ALGORITHMS with measure and mappings which preserve it. Let us denote

Let X be a space of solutions of an optimisation problellt%y.Ti tthe ther?:]m Wh'fh ma[|)_|sth_ ge?heranorz) (Eﬁ'ltnt ((j)t;;he
characterized by a fitness functigh: X — R, X c R' for rajectory) into the next one. Having the probability F

which a genetic algorithm will be invented. Each elemert tion (Szhcharactermggf-thetﬁappltng'i frofn:hone populatlon
X will be encoded in the form of a binary chromosome of thEeo another, we can define the entropy ot the mapping

length . The coding functionp : X — {0,1}®¥ = B maps M
elements ofX into chromosome from th& space. H(T;) == PP IPE F(PE) o, pe. ps)
Let us assume that the genetic algorithm actdierlement j=1
. ) e
populations. Each population forms a multigét*] in the logP(PﬁLjIR-K,f(R-K),pm,pc,ps) (4)

product spaceB’X, for the i-th generation we will use the « . . .
denotationP/<], for the population and each element of thigvhere [Pi+I1<Jj] is a possible population fromB,; =

multiset can be identified with a vector 1,2,... 2K M.
X P ; According to our previous proposition the initial popudati
B = o), 25, 2] M) s generated by the use of a uniform probability, and attains

rembering that a population is an equivalent class of poirff maximal value generated by the GA. In the next step
from the vector spac@&X. The equivalent relation is definedth® probabilities of populations are not uniform and differ
by the class of all possible permutations of the setioth &t each generation; this is the essence_of the action of GA.
numbers{1,2,..., K}. Con;equently the entropy of the mappiig decregsgs_. In
Let us notice that we can identify points frof with their the limit case when the number of steps tends to infinity one
encoded targets i under the action of spac&. By a could expect that the term!nal popula.tlon will be composgd
trajectory of the genetic algorithm of the duratidhwe mean ©f K copies (exactly speaking, according to (1) — a cartesian

a set product) of the same element (an optimal solution). However
M this case will be possible only in the case of the pointwise
T= IR, (2) asymptotic stability of GA. In general, the entropy will ten
i=1 to minimum.
where M is the number of steps (generations) of the genetic Entropy is the function of the probability of mutation and
algorithm which is realized. selection; it grows with the growing mutation probabilityca

Let p,, and p. be the probabilities of the mutation anddecreases when the selection pressure grows. Then th@entro
crossover, respectively, whije is the probability of selection, could realize a measure of interactions between mutations
all independent from the generation. and selection operators. Entropy also depends on the number

Then, for such a genetic algorithm the probability of thef elements in population and it is decreasing when the
appearance of the populatiqﬁ’ﬁl] at the generation + 1  population grows. The entropy value of the trajectory could
after the populatiof”/<] at the generation is the conditional be linked with computational complexity of the evolutiopar
probability algorithms.

PPEL|IPE, F(PE), pm, pe, ps).- (3 V. FRACTAL DIMENSIONS

Here by f(PX) we understand the vector—valued function Since the determination of the probability of the mapping

[f(z}), f(2h),..., f(x%)]. The initial populatiofP{] is gen- T, as well as the entropyi,, in an analytical way is rather

erated by the use of a uniform probability distribution otre difficult to be performed, we are proposing to substituterthe

setB, i.e. each point fronB has the same probability of beingwith a fractal dimension which is related to the entropy [8]

selected as a member (component)Bf]. Next populations and can characterize non-deterministic features of GA. In

following that one, are the results of the action of the GA,an{i7] general statistical and topological methods of analysfi

hence, may have a non-uniform probability distribution. ~ GAs have been introduced. Moreover one can use Hausdorff's
Let us notice that in view of our assumptions it follows fromlimension or its approximation as an invariant of equiveden

(3) that the probability of the appearance of each populatiof algorithms.

depends on the previous population and does not depend offio be more evident, let us recall the notion of tke

the history (i.e. on earlier population; the probabilities, p. dimensional Hausdorff measure ([4]) of the subget R,

andp, can be regarded as parameters of the funcipn wheres > 0. If E C |J; U; and diameter ol/;, denoted by
Now, if we look at the trajectory of the GA defined by (2)5(U;), is less than for eachi, we say tha{U;} is ane-cover

we can see that its generation is an ergodic (mixing) procesfSE. Fore > 0, let us define

and Markov’s one. Subsequent populations (i.e. points ef th o

trajectory) are states of the process, about which we can say H(E) = ian[e(Ui]S (5)

that each state is accessible with the probability 1. Py
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where the infimum is over al-covers{U,} of E. The limit solution which, in the term of its trajectory, leads to amaattor

of H> ase — 0 denoted byH’(E), is the s-dimensional which is one—element set. On the other hand, for an algorithm

Hausdorff measure of. without selection the attractor is the whole space. Then, we
Let us notice that in the spac&' one can prove that could say that algorithms are equivalent when they produce

H(E) = xL'(E), whereL' is the I-dimensional Lebesgue similar attractors [5].

measure and; is a ratio of volume of thé-dimensional cube  Hence, instead of the entropy, the fractal dimension will

to [-dimensional ball inscribed in the cube. be used as an indicator, or better to say—a measure of the
It is evident thatH® (F) increases as the maximal diameter classifications of GAs.

of the setsU; tends to zero, therefore, it requires to take finer We say that two genetic algorithms agquivalent if they

and finer details, that might not be apparent in the largdescaealize trajectories with the same fractal dimension.

into account. On the other hand for the Hausdorff measure the

valueH®(FE) decreases asincreases, and for largethis value

becomes 0. Then thdausdorff dimension of £ is defined

by

VI. COMPRESSION RATIO

It is our conjecture that some characteristic feature of the
trajectory of GA can be obtained by analysing the ration of
. _ g8 _ the compressed trajectory to itself. We decided to invaggig
dim(E) =inf{s : H'(E) = 0}, © Lempel-Ziv compression algorithm [2] applied to populato
and it can be verified thatim(F) = sup{s: H*(E) = cc}.  executed by various genetic algorithms. We implemented five
The Hausdorff dimension is one of several fractal dimeme Jong’s functions with 10 different parameters sets. Each
sions. To make the definitions more evident let us noti@xperiment was run 10 times. All together we obtained 500
that for the Hausdorff dimension of the Peano curve haifferent trajectories. The following settings of algabrits
dimension 2 and of the Cantor middle seldg2/log3, while were considered

its topological dimensio is zero. In most cases Hausdorff EXP | CROS| PC | PM | SEL
dimension> the topological one. In its classical fornfractal 1 1 0251 0.001| t
is by definition a set for which the Hausdorff dimension slyic 2 2 0.6 | 0.01 r
exceeds the topological dimension. 3 u 0.95| 005 | p
Topological dimension takes non-negative integer values 4 1 06 | 0.05| p
and is invariant under homeomorphism, while the Hausdorff 5 2 0.25| 0.001| r
dimension is invariant under bi—Lipschitz maps (sometimes 6 u 0.6 | 0.01 t
called quasi—isometries). 7 1 0.95| 0.01 r
As some approximation of the fractal dimension one may 8 2 0.95| 0.001| p
consider another dimension known as the packing dimension 9 u 0.25| 0.05 t
or thebox-counting dimension [4]. To calculate this dimen- 10 1 0.95| 0.99 r

sion for a setS imagine this set lying on an evenly-spaced

grid. Let us count how many boxes are required to cover tw@ere EXP is the experlm_ent numbgr; CR_OS is type of
crossover operator (one point, two point, uniform); PC and

set. Thebox-counting dimension is calculated by observin - . .
g(I)I> are probabilities of crossover and mutation, respelgtive

how this number changes as we make the grid finer. Supp Y SEL is t f selecti tor (t i K and
that N (¢) is the number of boxes of the side lengthequired an - IS type ot sefection operator (ournamgn » rank, an
portional). In each experiment the population condiste

t the set. Then the box-counting dimension is defing _ ; . .
aoS.cover ©se en e box-cotnfing dimension Is de |n0{1025 points and the genetic algorithm was realized on 100

log N (e) generations (points).
= log(1/e) (7) We performed numerous experiments on compressing par-

. ) . . . . . ticular generations with Lempel-Ziv algorithm of varioug b
Itis possible to define box—counting dimensions using ballgsoution. We measured number of prefixes resulting from

with either the covering number or the packing number. #,mpression process and corresponding compression ratio

follows that box dimension of is always> dim(£). in scenarios of two types. The first one considered single
By inventing the fractal (Hausdorff) dimension the tra@9t  generations, and for each trajectory we obtained corratipgn

of GA's or its attractor can be investigated. Algorithms iEbu yaiectory of number of prefixes used. In the second scenario

be regarded as equivalent if they have the same computhtiqQgen next generation was added to all past generationsrfgrmi

complexity while solving the same problem. As the measugg, ascending family of sets of generations. Compressing

of computational complexity of genetic algorithm, we prépo glements of such family gave an overall picture how number

a product of population’s size and the number of steps affgf yrefixes used in the compression stabilizes over time.
which an optimal solution is reached. This measure of com-

putational complexity of genetic algorithms joins the meyno VII. EXPERIMENTS AND CONCLUSIONS

and the temporal complexity. The first experiments with attractors generated by GAs and
During the execution of genetic algorithms, a trajectory ihe expression (8) have been performed by our co-worker

realized and should “converge” to some attraction set. It iis [5]. His results allow us to claim that the present applhoac

expected that an ideal genetic algorithm produces an optinecan be useful in the GA's dynamics research.

dimbox (S)
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In the recent paper [14] we have used another approachidose set have bigger dimension than others which trajestor
the approximation. LetV (T, e) be the minimum number of were narrow, with small differences between individuals.

K-dimensional cubes with the edge length equaktdhat

One can say that bigger box dimension characterizes more

covers the trajectory” ¢ X, and X is al-dimensional search random algorithms. The main result of the experiments state
space. To be more evident let us consider the case when that fractal dimension is the same in the case when some
2-% and diminish the length of cube edges by half. Then tH®xes contains one individual as well as when these boxes
following ratio will approximate the box counting dimensio contain many elements (individuals). Box dimension dods no

of trajectoryT

Du(T) ~ log, N(T,2-*+D) —log, N(T,27%)
AT log, 2F+1 — log 2k N
N(T, 2~ (D)
=logy ————F—>. 8
Og2 N(T,Q_k) ( )

The approximated expression (8) of the box dimension countsr
the increase in the number of cubes when the length of their

edges is diminished by half.

In [14] we have included new calculation results. 12 benc
mark functions were used (cf. [6]) in the analysis. Experitse

distinguish the fact that two or more elements are in the same
place. They undergo counting as one element. The value of
dimension should depend on the number of elements placed in
each box. Our main conclusion is that good characterization
is the information dimension.
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